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Abstract.
We study gravitational interaction of Higgs boson through the unique dimension-4 operator
ξH†HR , with H the Higgs doublet and R the Ricci scalar curvature. We analyze the effect
of this dimensionless nonminimal coupling ξ on weak gauge boson scattering in both Jordan
and Einstein frames. We explicitly establish the longitudinal-Goldstone boson equivalence
theorem with nonzero ξ coupling in both frames, and analyze the unitarity constraints.
We study the ξ-induced weak boson scattering cross sections at O(1 − 30)TeV scales, and
propose to probe the Higgs-gravity coupling via weak boson scattering experiments at the
LHC (14 TeV) and the next generation pp colliders (50 − 100 TeV). We further extend our
study to Higgs inflation, and quantitatively derive the perturbative unitarity bounds via
coupled channel analysis, under large field background at the inflation scale. We analyze the
unitarity constraints on the parameter space in both the conventional Higgs inflation and the
improved models in light of the recent BICEP2 data.
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1 Introduction
The LHC discovery of a Higgs boson (∼ 125 GeV) [1, 2] has begun a new era for particle
physics and its interface with cosmology and gravitation research. The Higgs boson plays a
distinctive role in the standard model (SM) of particle physics. It is the only fundamental
scalar particle in the SM. It spontaneously breaks the electroweak gauge symmetry and
provides the origin of inertial masses for all massive particles: weak gauge bosons, quarks,
leptons and neutrinos. As measured from the current LHC experiments [2], the properties
of this 125 GeV new particle (including its signal strengths in several decay channels and its
spin/parity) are still compatible with the SM predictions. However, most of its couplings
(especially its Yukawa couplings and self-couplings) have not yet been tested, and possible
new physics can cause deviations of these couplings from those of the SM Higgs boson, which
will be probed at the upcoming LHC runs and the future e+e− and pp colliders [3].
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Furthermore, the SM is apparently incomplete for not containing the gravitational force,
despite all SM particles join in gravitation. Even though the Einstein general relativity (GR)
still gives the best description of gravitation, it is a notoriously nonrenormalizable field theory
[4]. Hence, it is compelling to incorporate the SM and GR together as a joint low energy
effective theory below the Planck scale, and explore the testable effects from this unavoidable
interface. Especially, with the LHC Higgs discovery [1, 2], we are strongly motivated to study
gravitational interactions of the Higgs boson, because the Higgs boson generates inertial
masses for all SM particles while the gravity force arises from their gravitational masses.
Such an effective theory always has an ultraviolet (UV) cutoff, at or below the Planck
mass. In this formulation, one can write down the most general action under all known
symmetries, as a series of effective operators with increasing mass-dimensions and with proper
suppressions by the UV cutoff [5]. Thus, for the experimentally accessible energy ranges being
well below the UV cutoff, the leading terms of this effective action can provide a fairly good
approximation of the full theory.
In fact, under the U(1)Y ⊗ SU(2)L ⊗ SU(3)c gauge symmetries and given the three
families of leptons and quarks, the SM Lagrangian is already the most general effective theory
up to dimension-4 operators. On the other hand, the Einstein-Hilbert action of general
relativity represents the leading terms of mass-dimension zero and two, under the generally
covariant expansion,
SEH = M
2
Pl
∫
d4x
√−g
(
− Λ + 1
2
R
)
, (1.1)
where MPl = (8piG)
−1/2 ' 2.44 × 1018 GeV gives the reduced Planck mass, Λ denotes the
cosmological constant, and R is the Ricci scalar. One can continue to write down more
operators with higher mass-dimensions in this series. Up to dimension-4, we have
SG4 =
∫
d4x
√−g ( c1R2 + c2RµνRµν ) . (1.2)
There is another possible term RµνρσRµνρσ allowed by the symmetry, but is not independent
up to integration by parts.
In the GR, the gravitational interactions of matter fields (including all the SM particles)
are introduced in the manner of minimal coupling. In this way, the fluctuation of spacetime
metric couples to matter fields through the energy-momentum tensor,
SMC = −
∫
d4x
√−g δgµνTµνSM , (1.3)
where the energy-momentum tensor TµνSM contains the SM fields. For bosonic fields, the
rule of minimal coupling is practically equivalent to making two replacements in the SM
Lagrangians. One is to replace Minkowski metric by a general metric ηµν → gµν (together
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with the rescaling of integral measure d4x→ d4x√−g ). The other is to replace the partial
derivative by covariant derivative ∂µ → ∇µ, where ∇µ is adapted for gµν with ∇λgµν = 0 .
For fermionic fields, the vierbein and spin connection are introduced. With these, we could
conclude that the joint action SEH + SG4 + SMC provides an effective description of the SM
with gravitation. But, this action is incomplete up to dimension-4 operators. There is a
unique dimension-4 operator which couples the Higgs doublet H to the scalar curvature R,
and thus should be added to the above action,
SNMC =
∫
d4x
√−g ξRH†H , (1.4)
where ξ is a dimensionless coupling. This term is conventionally called nonminimal coupling
term since it does not follow the rule of minimal coupling. We note that up to dimension-4
operators, the nonminimal coupling could only appear for the spin-0 field. This fact adds a
unique feature to the Higgs boson in the SM.
Hence, the complete Lagrangian up to dimension-4 operators and joining both the SM
and GR should take the following form,
S = SEH + SG4 + SMC + SNMC . (1.5)
The non-minimal coupling term SNMC is generally covariant and respects all known symme-
tries of the SM. We further note that ξ → 0 does not enlarge the symmetry, and a nonzero
ξ will still be generated by loop diagrams even if one sets ξ = 0 classically [6]. Another
special value is the conformal coupling ξ = −1/6, which makes the theory Weyl-invariant
for massless scalar field. But, the SM Higgs doublet is not massless, and the Weyl symmetry
(which reduces to the conformal symmetry in flat spacetime) is also not a symmetry of the
SM. All these facts imply that the size of this dimensionless nonminimal coupling ξ can be
rather large a priori. In fact, a large ξ around the order of 104 has been put in use for
the Higgs inflation models [7–13] in which the Higgs boson is responsible for two distinctive
physical processes, namely, it drives inflation at a typically very high inflation scale, and
triggers the electroweak symmetry breaking at weak scale.1
Recently, Ref. [14] derived an interesting bound on ξ from the LHC Higgs data, by
assuming the 125 GeV boson to be the SM Higgs boson. As will be shown in Sec. 2, a large
ξ will cause a universal suppression of the Higgs boson coupling with all other SM particles.
Thus, using the measured Higgs signal strengths in 2012, Ref. [14] derived an upper bound,
|ξ| < 2.6×1015. Furthermore, in the recent study [15], we derived the perturbative unitarity
bound on ξ by analyzing the coupled-channel longitudinal weak boson scattering under flat
1 Ref. [8] first observed that the value of Higgs boson mass can be directly related to the CMB parameters
in the Higgs inflation.
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spacetime background, and we demonstrated the longitudinal-Goldstone boson equivalence
theorem [16] in the presence of ξ coupling. In [15], we did calculations only in Einstein frame,
where the nonminimal coupling is transformed away by redefining the metric tensor. But,
we may also perform the analysis in Jordan frame, i.e., with the field variables written in
the action (1.5). The physical (in)equivalence between Jordan frame and Einstein frame is
a subtle issue which still lacks a full consensus (especially at the quantum level) [10, 11, 17–
19]. Then, it is desirable to perform an independent analysis within the Jordan frame, in
comparison with our previous Einstein frame analysis [15]. In this paper, we will show that
the same results can be inferred from Jordan frame with a fully different set of Feynman rules
(Appendix A). This serves as a valuable consistency check of our analysis. For the first time,
we will further explicitly prove the longitudinal-Goldstone equivalence theorem with nonzero
ξ in Jordan frame. It provides another nontrivial consistency check on our Jordan-frame
analysis.
There are some discussions on the unitarity issue with the nonminimal coupling for the
purpose of Higgs inflation models [20]. People usually applied power-counting arguments to
get the scalar or vector boson scattering amplitudes, and estimate the allowed regime for the
perturbative calculations of Higgs inflation. At the first sight, the unitarity bound is around
MPl/ξ for ξ  1 , which is lower than the typical inflation scale MPl/
√
ξ . Later studies
[12, 13] suggested that unitarity bounds vary with respect to classical background of inflaton
field. Considering this background dependence, the unitarity bound is expected to be relaxed
to O(MPl/
√
ξ) in the inflationary era. This implies that the perturbative analysis of inflation
dynamics and primordial fluctuation would be reliable. These discussions are suggestive, but
are only qualitative power-counting estimates with different focus and context. In this paper,
we will systematically extend our analysis to quantitatively derive the unitarity constraints
for a generical Higgs inflaton background. We will consider the conventional Higgs inflation [7]
and the improved models [21–23] in light of the recent BICEP2 data [24].
This paper is organized as follows. In Sec. 2, we will outline the formulation with
nonminimal coupling for the Jordan and Einstein frames. In Sec. 3, we study the longitudinal
weak boson scatterings in both frames. This gives a systematical extension of our previous
short study [15] which was for the Einstein frame alone and at the lowest order of 1/M2Pl .
In Sec. 3.3, we quantitatively derive the perturbative unitarity bound on the Higgs-curvature
coupling ξ in both the electroweak vacuum and the large field background. We further study
ξ-dependent weak boson scattering cross sections at the scales of O(1− 30)TeV energies,
which serve as the new probes of ξ at the upcoming LHC (14 TeV) and the future high
energy pp colliders (50 − 100 TeV) [25]. In Sec. 4, we systematically extend our analysis to
the Higgs inflation models in the large field background. We conclude in Sec. 5. Finally, we
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present the necessary Feynman rules for both Jordan and Einstein frames in Appendix A.
2 Higgs-Gravity Interactions in Jordan and Einstein Frames
In this section, we discuss the formulation for the nonminimal gravitational coupling of the
SM Higgs doublet, which will serve as the base for our systematical studies in the follow-
ing sections 3–4. The set of field variables that manifests this nonminimal coupling (1.4) is
conventionally called Jordan frame, which is part of the joint effective action (1.5). One can
make a proper Weyl transformation on the metric tensor, under which the the nonminimal
coupling term (1.4) is fully transformed away. This new metric is usually called Einstein
frame, in which the original Einstein equation of GR holds. For clarity we will use a super-
script (J) to label the Jordan frame metric and other geometric quantities, while the Einstein
frame quantities are presented without superscript so long as they appear confusion-free.
2.1 Higgs-Gravity Interactions in Jordan Frame
By definition, the action in Jordan frame takes the form of (1.5). Hence, the nonminimal cou-
pling term ξR(J)H†H is manifest in Jordan frame. To analyze the gravitational interactions
of Higgs boson and weak gauge bosons, we extract from (1.5) the terms with scalar-curvature,
weak gauge bosons and Higgs doublet, and organize them in a more transparent way,
SJ =
∫
d4x
√
−g(J)
[ (
1
2 M
2 + ξH†H
)
R(J) −
∑
j
1
4 F
a
µνjF
µνa
j + (DµH)
†(DµH)− V (H)
]
,
(2.1)
where R(J) is the Ricci scalar associated with the Jordan frame metric g(J)µν , and F aµνi =
(W aµν , Bµν) are gauge field strengths of the electroweak gauge group SU(2)L⊗U(1)Y . In this
action we do not display the cosmological constant term as well as the dimension-4 operators
of pure gravity, since they are irrelevant to the current study. The Higgs doublet H is param-
eterized as, H =
(
pi+, 1√
2
(v + φˆ + ipi0)
)T
and has the potential V (H) = λ
(
H†H − 12 v2
)2
.
The potential reaches its minimum when Higgs doublet acquires a nonzero vacuum expec-
tation value (VEV), 〈H〉 = 1√
2
(0, v)T . Substituting this VEV into the action (2.1), we
see that the nonminimal coupling term gives a contribution to the pure gravitational term√
−g(J)R(J), and leads to an effective Einstein-Hilbert action,∫
d4x
√
−g(J)
(
1
2 M
2 + ξH†H
)
R(J) ⊃
∫
d4x
√
−g(J) 12
(
M2 + ξv2
)R(J) . (2.2)
Thus, we identify the coefficient, M2+ξv2 = M2Pl, to reproduce the correct Newton constant.
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In Jordan frame, gravitons make important contributions to the weak gauge boson scat-
tering amplitudes. Hence, we perturb the metric, g
(J)
µν = g¯
(J)
µν + κhˆµν , with the background
value g¯
(J)
µν identified as the flat Minkowski metric, g¯
(J)
µν = ηµν . The perturbation coupling
κ =
√
2M−1Pl is chosen such that the spin-2 component in hˆµν has the correct normalization.
A special feature of the Jordan frame is that both the perturbed metric hˆµν and the Higgs
field φˆ are not canonically normalized due to kinetic mixings. To see this, we inspect the
kinetic terms for hˆµν and φˆ from (2.1),
SJ ⊃ 14
(
hˆhˆ− hˆµνhˆµν + 2hˆµλ∂µ∂ν hˆνλ − 2hˆ∂µ∂ν hˆµν
)− 12 φˆφˆ+ ξκvφˆ(hˆ− ∂µ∂ν hˆµν),
(2.3)
where hˆ ≡ hˆµµ . Thus, we define another set of canonically normalized fields hµν and φ ,
hˆµν = hµν − ηµνξκvζφ , φˆ = ζφ , (2.4)
with the rescaling factor,
ζ ≡ (1 + 3ξ2κ2v2)− 12 = (1 + 6ξ2v2/M2Pl)− 12 . (2.5)
After this field rescaling, we readily verify that both new variables hµν and φ are canonically
normalized, with the correct kinetic term,
Lkin = 14
(
hh− hµνhµν + 2hµλ∂µ∂νhνλ − 2h∂µ∂νhµν
)− 12 φφ . (2.6)
The above field redefinitions have two general consequences. First, from the rescaling of
Higgs field φˆ = ζφ , we see that all SM couplings of gauge fields and fermions to the Higgs
boson φ receive a universal rescaling factor ζ associated with each Higgs field in the vertex.
This rescaling factor ζ < 1 causes a universal suppression on the Higgs boson couplings
with all other SM particles. Second, the original perturbed metric hˆµν contains a portion of
canonical Higgs field φ . Hence, there will be new Higgs couplings to other SM particles which
are induced from gravitational interactions. Since the graviton hˆµν couples to matter fields
through their stress tensor (with the exception of nonminimal coupling to Higgs doublet), the
graviton-induced Higgs couplings to SM particles are all suppressed by the small parameter
κ . But, as we will show, the gravity contributions can be significant when the nonminimal
coupling ξ is large.
To compute scattering amplitudes with graviton exchange, we fix the gauge symmetry
of linearized general covariance by choosing the harmonic gauge. This amounts to adding
the gauge-fixing term,
LGF =
1
2α
(∂λhλµ − 12 ∂µh)2, (2.7)
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with α as the gauge parameter. Then, the kinetic term of the graviton can be inverted to
give the graviton propagator,
G(h)µν,ρσ(p) =
i
p2 + i
[
2ηµ(ρησ)ν − ηµνηρσ − (1−α)
4p(µην)(ρpσ)
p2
]
. (2.8)
The gauge-invariance of the scattering amplitudes can be checked by showing that the α-
dependent pieces vanish. This is necessarily true if the graviton is coupled to external on-
shell particles, which are subjected to the energy-momentum conservation ∂µTµν = 0 in
the flat spacetime. We note that the nonminimal coupling term will spoil the covariant
conservation of Tµν with curved background, but it does not affect the flat-space conservation
law, ∂µTµν = 0, since the Ricci scalar vanishes in this case.
The relevant new interactions involving canonically normalized graviton hµν and Higgs
φ can be extracted from the action (2.1),
∆Lhφint = κ
(
hµν − ηµνξκvζφ
)
Tµν , (2.9)
where Tµν is the energy-momentum tensor of matter fields, including gauge bosons and
Higgs doublet for the current study. In the Feynman-’t Hooft gauge, we have
Tµν =
∑
j
(
Fµλaj Fλ
νa
j +
1
4 g
µνF aρσjF
ρσa
j
)
+m2W
(
WµaW νa − 12 gµνW aλW λa
)
+ ∂µpia∂νpia + ∂µφ∂νφ− 12 gµν
(
(∂λpi
a)2 + (∂λφ)
2 −m2Wpiapia −m2φφ2
)
, (2.10)
where we only keep contributions from kinetic terms and mass terms for the current purpose.
We have also set the weak mixing angle θW = 0 for simplicity, and dropped terms from the
gauge-fixing and Faddeev-Popov ghosts which are irrelevant to the tree-level processes in the
present work.
2.2 Higgs-Gravity Interactions in Einstein Frame
The Einstein frame is realized by the field redefinition, g
(E)
µν = Ω2g
(J)
µν , with
Ω2 =
M2+ 2ξH†H
M2Pl
. (2.11)
We see that this field redefinition takes the form of Weyl transformation, and the Weyl
factor Ω2 depends on spacetime coordinates through its dependence on the Higgs-doublet-
bilinear term H†H. This transformation is also known as “conformal transformation” in
the literature of general relativity. (Here we avoid the use of this terminology since it is
also used for a special type of spacetime coordinate transformations that leave the metric
invariant up to a spacetime-dependent factor.) We note that the field redefinition here is
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not generated by a spacetime coordinate transformation. Hence, one would not expect that
the physics described by these two frames to be equivalent a priori, as extensively discussed
in the literature [10, 11, 17–19]. Thus, in a given study, one should be careful to check
whether the two frames describe the same physics or which frame has a better use. But, this
ambiguity is absent for our current study of gauge boson scattering processes. As will be
explained below, one can always set the background spacetime metric to be flat to a good
approximation, and the two “frames” just correspond to different choices of field variables
and thus should yield the same physical results.
Let us convert the Jordan frame action (2.1) into the Einstein frame. To achieve this,
we note that the Weyl transformation of Ricci scalar takes the form,
R(J) = Ω2
[
R− 6gµν∇µ∇ν log Ω + 6gµν
(∇µ log Ω)(∇ν log Ω)], (2.12)
where the unlabeled quantities on the right-hand side, such as Ricci scalar R , the covariant
derivative ∇µ , are associated with the Einstein frame metric gµν = g(E)µν . We drop the
superscript (E) for these quantities to simplify the notation. Substituting this transformation
into (2.1), we obtain the Einstein frame action,
SE =
∫
d4x
√−g
[
1
2 M
2
PlR−
∑
j
1
4 F
a
µνjF
µνa
j −
3ξ
Ω2
∇2(H†H) + 9ξ
2
M2PlΩ
4
(∇µ(H†H))2
+
1
Ω2
(DµH)
†(DµH)− 1
Ω4
V (H)
]
. (2.13)
In comparison with the Jordan frame action (2.1), we see that the nonminimal coupling term
ξR(J)H†H is fully transformed away. In consequence, the equation of motion (from varying
the metric) reproduces the conventional Einstein equation, and the graviton has the correct
kinetic term as in the GR. Under the linearized expansion gµν = g¯µν + κhµν , we can write
the Weyl transformation gµν = Ω
2g
(J)
µν in the perturbative form,
g¯µν + κhµν =
(
1 +
ξ
M2p
2vφˆ+ ...
)(
ηµν + κhˆµν
)
,
g¯µν = ηµν , hµν = hˆµν + ηµνξκvφˆ , (2.14)
where the background in Einstein frame is flat as well. Since Ω2 contains the Higgs-doublet-
bilinear term H†H, new interactions with Higgs fields are induced, where the Higgs field φˆ is
not normalized canonically. With the flat spacetime background g¯µν = ηµν and substituting
H =
(
pi+, 1√
2
(v+ φˆ+ ipi0)
)T
into the action (2.13), we derive the following kinetic term (up
to bilinear fields) for the Higgs and Goldstone bosons,
Lkin =
1
2
(
1 +
6ξ2v2
M2Pl
)
(∂µφˆ)
2 + ∂µpi
−∂µpi+ +
1
2
(∂µpi
0)2. (2.15)
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As is clear, to normalize the Higgs kinetic term requires a field redefinition, φˆ = ζφ , where
the rescaling factor ζ =
(
1 + 6ξ2v2/M2Pl
)−1/2
takes the same form as in the Jordan frame.
As compared to (2.4)-(2.6) in the Jordan frame, we see that the canonical Higgs fields in both
frames are defined in the same way up to quadratic terms. Thus, we can directly infer the tree-
level Higgs mass, m2φ = 2λv
2ζ2, and all the Higgs couplings in the SM under the rescaling
for each Higgs field ( φˆ = ζφ ). For the Higgs self-couplings, we have further contributions
from higher dimensional operators besides the rescaling of ζ . These new couplings contain
derivatives, so we expect them to become important for scattering processes at high energies.
This means that for the present study of the high energy scattering of weak gauge bosons,
we should take all these ξ-corrections into account. To the O(M−2Pl ) , we extract these new
interactions from the action (2.13),
∆Lssint = −
ξ
2M2Pl
(
|∂µpi|2 + ζ2(∂µφ)2
)(
|pi|2 + ζ2φ2 + 2vζφ
)
− 3ξ
2
4M2Pl
(
|pi|2 + ζ2φ2 + 2vζφ
)
∂2
(
|pi|2 + ζ2φ2 + 2vζφ
)
, (2.16)
where |pi|2 = 2pi+pi−+ (pi0)2 and |∂µpi|2 = 2∂µpi+∂µpi−+ (∂µpi0)2 . For the Higgs couplings
with weak gauge bosons, we infer,
∆Lφgint =
(
2m2WW
+
µ W
µ−+m2ZZ
2
µ
)[(
1− ξv
2
M2Pl
)
ζ
v
φ+
(
1− 5ξv
2
M2Pl
)
ζ2
2v2
φ2
]
. (2.17)
For completeness, we further inspect the fermion sector under the present formalism.
For Dirac fermion Ψ in the curved background, we can write its kinetic term,
Sf =
∫
d4x det(eqν)Ψ¯γ
peµp
(
i∂µ − 1
2
ωµ
mnσmn
)
Ψ , (2.18)
where eqν and ωµ
mn are vierbein and spin-connection, and σmn =
i
2 [γm, γn] . We identify
the background to be the Jordan frame, which is related to the flat Einstein frame by g
(J)
µν =
Ω−2ηµν . Then, we can derive expressions for the vierbein and spin-connection in terms of
Weyl factor Ω ,
emµ = Ω
−1δmµ , ωµ
mn = −Ω−1 (δmµ ∂nΩ− δnµ∂mΩ) , (2.19)
and the above kinetic term becomes
Sf = i
∫
d4x
(
1
Ω3
Ψ¯/∂Ψ + 3
Ω4
Ψ¯(/∂Ω)Ψ
)
. (2.20)
This shows that the fermion sector also receives corrections from nonminimal coupling ξ
through the Weyl factor Ω . When expanded in terms of M−1Pl , these corrections correspond
to higher dimensional operators. At the O(M−2Pl ), the coefficients of these operators could
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have linear ξ-dependence at most. Hence, in the large ξ regime, such corrections from the
fermion sector are relatively small as compared with those in the gauge sector.
In summary, we discuss in this section the formulation of the SM coupled to gravity
through both minimal and nonminimal couplings in the electroweak vacuum. We derive
the relevant Lagrangians and Feynman rules in terms of canonically normalized fields for
both Jordan and Einstein frames, which are shown in Appendix A. For the leading order ξ
corrections, the graviton contributions are important in Jordan frame, while in Einstein frame
it is the effective higher dimensional interactions that are really relevant. From these analyses,
we see the advantage of Einstein frame, in which the complicated graviton contributions are
transformed away and result in the higher dimensional effective Higgs operators. The latter
makes the ξ-induced modifications to the SM sector transparent, and allow us to perform
the calculations in a much easier manner.
3 Weak Boson Scattering in Jordan and Einstein Frames
The action (1.5) retains the leading terms in the low energy effective theory that combines
the SM and GR. They are perturbatively non-renormalizable in the conventional sense. In
both Jordan and Einstein frames, this fact will certainly manifest through the ξ-dependent
effective operators with Higgs doublets. In consequence, we observe that for the high energy
scattering of longitudinal weak bosons, the scattering amplitudes will generally exhibit non-
canceled E2 behaviors (with E the scattering energy). For |ξ|  1 , the non-canceled E2
terms induced by the nonminimal coupling ξ will dominate the amplitudes, and lead to
violation of perturbative unitarity. Based on the longitudinal-Goldstone boson equivalence
theorem (ET) [16], we expect that the same non-canceled E2 behavior can be derived from the
corresponding Goldstone boson scattering amplitudes. In this section, we will systematically
analyze the weak boson scattering with nonzero ξ and demonstrate the ET in both Jordan
and Einstein frames. Such demonstrations are highly nontrivial. In Einstein frame, we note
that the ξ-dependent scalar derivative interactions (2.16) take very different forms from the
new Higgs-gauge boson couplings (2.17). In Jordan frame, we have leading contributions from
graviton exchanges. Furthermore, computing the longitudinal and Goldstone amplitudes in
both frames will help to demonstrate the equivalence between the two frames, and serve as
valuable consistency checks for our analyses.
Then, we derive the perturbative unitarity bound on the nonminimal coupling via cou-
pled channel analysis. For this, we will study all neutral channels of weak bosons and
Higgs boson scattering with normalized initial/final states, |W+LW−L 〉, 1√2 |Z0LZ0L〉,
1√
2
|φφ〉,
and |Z0Lφ〉, as well as the corresponding Goldstone boson processes with initial/final states
– 11 –
|pi+pi−〉, 1√
2
|pi0pi0〉, 1√
2
|φφ〉, and |pi0φ〉. As we will show, the 2 → 2 process involving four
identical external particles has vanishing E2 term from non-minimal coupling, due to the
crossing symmetry among (s, t, u) channels. The rest of non-trivial processes can be clas-
sified into two categories, depending on whether the in/out states contain Higgs boson or
not. The amplitudes in each category have similar form. In the following, we will investigate
these two types of processes for the weak boson and Goldstone boson scatterings in each
frame. We explicitly demonstrate the ET in both frames and show the equivalence of com-
putations between the two frames. Finally, we will derive the perturbative unitarity bound
on the Higgs-gravity coupling ξ and analyze the probe of ξ-induced weak boson scatterings
at the LHC (14 TeV) and the future high energy pp colliders (50− 100 TeV) [25]. These also
systematically extend our recent short study [15] (which was for the Einstein frame alone and
only to the first order of 1/M2Pl ).
3.1 Analysis in Jordan Frame
We start our analysis in Jordan frame. The first category of processes is for the weak boson
scatterings, with initial/final states containing no Higgs boson φ . For demonstration, we
first consider the sample process W+LW
−
L → Z0LZ0L . There are four SM-types of Feynman
diagrams contributing to this process at tree-level, as shown in Fig. 1, except that the invoked
Higgs-gauge-boson couplings are modified from the corresponding SM couplings. We present
the relevant Feynman rules in Appendix A.1.
W+L W
−
L
Z0L Z
0
L
(a)
W+L W
−
L
Z0L Z
0
L
(b)
W+L W
−
L
Z0L Z
0
L
(c)
φ
W+L W
−
L
Z0L Z
0
L
(d)
Figure 1. Weak boson scattering process W+LW
−
L → Z0LZ0L at tree-level, via SM-type diagrams.
The nonminimal coupling ξ leads to anomalous Higgs-gauge-boson couplings in (d).
While the pure gauge couplings remain unchanged in Jordan frame, there are two new
ingredients in Higgs couplings. One is the Higgs rescaling factor ζ [cf. (2.4)-(2.5)] for each
vertex with Higgs field(s), and the other is the Higgs component in the original perturbed
metric hˆµν [cf. (2.4),(2.9)]. The former causes O(ξ2/M2Pl) corrections to the SM Higgs
coupling, while the latter induces a new Higgs coupling of O(ξ/M2Pl) to the trace of stress
tensor of gauge bosons. With these, we compute the diagram with s-channel Higgs exchange
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in Fig. 1(d),
T sφ (W+LW−L → Z0LZ0L) = −
(
1− ξv
2
M2Pl
)2 ζ2E4
v2(E2 −m2φ)
, (3.1)
where E is the center-of-mass energy. At O(E2), the other three pure gauge-boson dia-
grams in Fig. 1 contribute to the amplitude with O(E2/v2) terms. Thus, we deduce the full
amplitude to all orders in ξ2/M2Pl ,
T (W+LW−L → Z0LZ0L) =
[
1−
(
1− ξv
2
M2Pl
)2
ζ2
]
E2
v2
+O(E0)
=
[
6ξ2+ 2ξ
M2Pl
− 36ξ
4v2
M4Pl
]
E2 +O(E0,M−6Pl ) ,
(3.2)
where in the second step we have expanded the amplitude up to O(ξ4/M4Pl) for comparison.
We have also kept the first subleading term of O(ξ/M2Pl) at the lowest order in 1/M2Pl
expansion. As will be clear later, for |ξ|  O(1) , the amplitudes are dominated by the
leading terms with the form of (ξ/MPl)
2n .
hµν
pi+ pi−
pi0 pi0
(a)
φ
pi+ pi−
pi0 pi0
(b)
Figure 2. Goldstone boson scattering process pi+pi− → pi0pi0 in Jordan frame, via the s-channel
graviton exchange in plot-(a), and the s-channel Higgs boson exchange in plot-(b).
Next, we compute the amplitude of the corresponding Goldstone boson scattering
pi+pi− → pi0pi0 . At the order of E2/M2Pl , the only relevant Feynman diagram comes from
the s-channel graviton exchange, as shown in Fig. 2(a). Thus, we deduce
T sh (pi+pi−→ pi0pi0) =
[(
6ξ2+ 2ξ
)
+
1− cos2 θ
4
]
E2
M2Pl
+O(E0) , (3.3)
where θ is the scattering angle. Eq. (3.3) is dominated by the ξ-dependent contributions for
|ξ|  1 . There is no correction of O(1/M4Pl) or higher to this tree-level process. On the
other hand, for the diagram with the s-channel Higgs exchange in Fig. 2(b), its contribution
to the E2-amplitude starts only at the order of M−4Pl . At each order in M
−1
Pl , we only
consider leading ξ-terms of the form (ξ/MPl)
2n, except that at the lowest order of M−2Pl ,
we retain the subleading term of O(ξ/M2Pl). It is clear that the leading terms of (ξ/MPl)2n
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always dominate the amplitudes for |ξ|  1 . We note that such leading terms arise from
the ξ-enhanced effective operators and the rescaling factor ζ (cf. Sec. 2). Thus, we infer the
following expression for Fig. 2(b), at the O(E2) and to all orders in (ξ/MPl) ,
T sφ (pi+pi−→ pi0pi0) = −
36ζ2ξ4v2
M4Pl
E2 +O(E0) . (3.4)
Thus, summing up (3.3) and (3.4), we have the full Goldstone amplitude at O(E2) ,
T (pi+pi−→ pi0pi0) = T sh + T sφ =
[
6ξ2+ 2ξ
M2Pl
− 36ξ
4v2
M4Pl
]
E2 +O(E0) , (3.5)
where we only keep ξ-dependent terms which dominate the amplitude for |ξ|  1 . The
Goldstone amplitude (3.5) agrees well with that of the longitudinal scattering in Eq. (3.2).
Hence, this explicitly demonstrates the longitudinal-Goldstone boson equivalence theorem
with nonminimal coupling ξ in the Jordan frame.
The second type of processes involves at least a pair of Higgs bosons in the external
states. For illustration, we consider the scattering W+LW
−
L → φφ . In unitary gauge, the
tree-level contributions to this process are shown in Fig. 3. We see that graviton also plays a
role, because its coupling with the Higgs boson φ receives large ξ-enhancement directly from
the nonminimal coupling term.
W+L W
−
L
φ φ
(a)
W+L W
−
L
φ φ
(b)
W+L W
−
L
φ φ
(c)
φ
W+L W
−
L
φ φ
(d)
hµν
W+L W
−
L
φ φ
(e)
Figure 3. Longitudinal weak boson scattering process W+LW
−
L → φφ in the presence of nonminimal
coupling ξ , where the last diagram arises from the graviton exchange in Jordan frame.
Using the Feynman rules of Appendix A.1, we evaluate the relevant diagrams in Fig. 3,
Fig. 3(a) =
(
1− 4ξv
2
M2Pl
)
ζ2
E2
v2
+O(E0) , (3.6a)
Fig. 3(b)+(c) = −
(
1− 2ξv
2
M2Pl
)
ζ2
E2
v2
+O(E0) , (3.6b)
Fig. 3(d) = − 6ξ
2− ξ
M2Pl
ζ4E2 +O(E0) , (3.6c)
Fig. 3(e) = − ξ +O(ξ
0)
M2Pl
ζ2E2 +O(E0) . (3.6d)
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Summing up all these diagrams, we deduce the scattering amplitude at O(E2), including all
leading terms of (ξ/MPl)
2n ,
T (W+LW−L → φφ) =− ζ2
[
1 +
3ξv2
M2Pl
−
(
1 +
ξv2
M2Pl
)
ζ2
]
E2
v2
+O(E0)
=−
[
6ξ2 + 2ξ
M2Pl
− 72ξ
4v2
M4Pl
]
E2 +O(E0,M−6Pl ) ,
(3.7)
where we have also retained the first subleading term of O(ξ/M2Pl) as before.
It is interesting to note that the above amplitude (3.7) coincides with that of W+LW
−
L →
Z0LZ
0
L in (3.2) at the leading order of M
−2
Pl , except to an overall minus sign. This be-
comes more transparent when we check the corresponding Goldstone scattering amplitude of
pi+pi− → φφ . Similar to pi+pi− → pi0pi0, only the diagram with s-channel graviton exchange
contributes at O(E2/M2Pl), with the final state pi0pi0 replaced by φφ in Fig. 2. Applying
the Feynman rules of Appendix A.1, we compute the leading amplitude at O(M−2Pl ) ,
T (pi+pi−→ φφ) = 6ξ
2+ 2ξ +O(ξ0)
M2Pl
E2 +O(E0,M−4Pl ) , (3.8)
which coincides with (3.3) due to the universal coupling of graviton at leading order of M−2Pl .
According to the equivalence theorem [16],
T (W a1L , · · · ,W anL , X) = T (−ipia1 , · · · ,−ipian , X) +O(mW /Ej suppressed) , (3.9)
whereX represents other physical on-shell states. Hence, for the 2→ 2 scattering, a difference
of overall minus sign between (3.7) and (3.8) is expected, due to the factor (−i)2 = −1
associated with the two external Goldstone fields pi+pi− on the right-hand-side of (3.9).
For all other processes, we find full agreement between the longitudinal scattering am-
plitudes and the corresponding Goldstone scattering amplitudes by explicit calculations, for
E2  m2W . This justifies the longitudinal-Goldstone boson equivalence theorem in the pres-
ence of Higgs-gravity interactions with nonzero ξ coupling. In the following, we summarize
all the O(E2) Goldstone amplitudes for the electrically neutral channels, which include all
leading terms of (ξ/MPl)
2n. We will also retain the first subleading term of O(ξ/M2Pl) .
Thus, we arrive at,
T (pi+pi−→ pi+pi−) =
[
1−
(
1− 2ξv
2
M2Pl
)
ζ2
]
(1+ cos θ)
2v2
E2
'
[
3ξ2+ ξ
M2Pl
− 18ξ
4v2
M4Pl
]
(1+ cos θ)E2, (3.10a)
T (pi+pi−→ pi0pi0) =
[
1−
(
1− 2ξv
2
M2Pl
)
ζ2
]
E2
v2
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'
[
6ξ2+ 2ξ
M2Pl
− 36ξ
4v2
M4Pl
]
E2, (3.10b)
T (pi0pi0→ pi0pi0) = O(E0) , (3.10c)
T (pi+pi−→ φφ) =
[
1 +
3ξv2
M2Pl
−
(
1 +
ξv2
M2Pl
)
ζ2
]
ζ2
E2
v2
'
[
6ξ2+ 2ξ
M2Pl
− 72ξ
4v2
M4Pl
]
E2, (3.10d)
T (pi0pi0→ φφ) =
[
1 +
3ξv2
M2Pl
−
(
1 +
ξv2
M2Pl
)
ζ2
]
ζ2
E2
v2
'
[
6ξ2+ 2ξ
M2Pl
− 72ξ
4v2
M4Pl
]
E2, (3.10e)
T (pi0φ→ pi0φ) = −
[
1 +
3ξv2
M2Pl
−
(
1 +
ξv2
M2Pl
)
ζ2
]
(1− cos θ)
2v2
ζ2E2
' −
[
3ξ2+ ξ
M2Pl
− 36ξ
4v2
M4Pl
]
(1− cos θ)E2, (3.10f)
T (φφ→ φφ) = O(E0) . (3.10g)
These serve as highly nontrivial self-consistency checks of the scattering amplitudes in Jordan
frame. The above can be compared with our previous results in Einstein frame [15], which
were computed at O(M−2Pl ) only. Also, we note that Ref. [26] studied linearized gravity in the
presence of a nonminimal coupling term ξRφ2 (with singlet scalar φ ) in Jordan frame. They
calculated scattering amplitudes for external spin-(0, 1/2, 1) particles from graviton-exchange
at O(M−2Pl ) , where the singlet scalar φ has no VEV. From our results in (3.10) with the SM
Higgs doublet, we find that the leading ξ contributions at O(M−2Pl ) do not depend on the
Higgs VEV. Thus, for the singlet scalar scattering process like ss→ s′s′, our result reduces
to that of Ref. [26] at O(M−2Pl ) .
3.2 Analysis in Einstein Frame
In this subsection, we proceed with the analysis in Einstein frame. To demonstrate the
nontrivial difference of the current analysis from that in Jordan frame, we will present explicit
calculations for the two processes considered in the previous subsection.
We first compute the amplitude of W+LW
−
L → Z0LZ0L with the Lagrangian (2.17). In
unitary gauge, the contribution to the scattering amplitudes with positive power of scat-
tering energy E comes from the same diagrams as in Jordan frame in Fig. 1. As shown
in Appendix A, the ξ corrections to the cubic Higgs-gauge-boson couplings are the same in
both frames. Hence, the amplitude from Fig. 1(d) remains intact, and the sum of the four
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diagrams should equal that of (3.2) in the Jordan frame. In parallel, we consider the corre-
sponding Goldstone boson scattering process pi+pi− → pi0pi0 . Here, the deviation from the
SM is from higher dimensional operators in the Lagrangian (2.16). Using the Feynman rules
in Appendix A.2, we find that the leading amplitude for this process arises from the contact
interaction,
T (pi+pi−→ pi0pi0) =
[
6ξ2+ 2ξ
M2Pl
− 36ξ
4v2
M4Pl
]
E2 +O(E0,M−6Pl ) , (3.11)
which coincides with the amplitude of W+LW
−
L → Z0LZ0L . This shows that the longitudinal-
Goldstone boson equivalence theorem holds for this process in Einstein frame, and the derived
scattering amplitudes in both frames are consistent. For the sake of later physical analysis,
we present the amplitudes of W±LW
±
L → W±LW±L and pi±pi± → pi±pi± as well. By crossing
symmetry, we infer from (3.11),
T (W±LW±L →W±LW±L ) ' T (pi±pi±→ pi±pi±)
= −
[
6ξ2+ 2ξ
M2Pl
− 36ξ
4v2
M4Pl
]
E2 +O(E0,M−6Pl ) . (3.12)
Next, we analyze the other scattering process W+LW
−
L → φφ . Different from the case
in Jordan frame, no ξ-contribution arises from the graviton-exchange diagram in Fig. 3(e).
Hence, only the first four diagrams of Fig. 3 are relevant to our study in Einstein frame. With
the Feynman rules of Appendix A.2, we find a difference for the diagram of Fig. 3(a) between
the two frames, while the diagrams (b), (c) and (d) remain intact. Despite such a difference,
we have verified the following equality at O(E2) ,
[Fig. 3(a) + Fig. 3(e)]|Jordan = Fig. 3(a)|Einstein . (3.13)
Hence, the amplitude fully coincides with that in the Jordan frame. This explicitly demon-
strates the equivalence between the two frames via the above scattering process. For the
corresponding Goldstone boson scattering, it receives contributions from contact interaction
as well as s-channel Higgs exchange. We find the same result as (3.8) at the leading order.
Then, we systematically extend the above calculations to all other scattering channels.
We reveal that for both the longitudinal gauge boson scattering and Goldstone boson scat-
tering, the results coincide with those in the Jordan frame. As an advantage of the Einstein
frame analysis, it is easier to extract the ξ-dependent E2-terms without invoking tedious
calculations with the graviton-exchange. Here we present the amplitudes at O(E2), keeping
all the leading power terms of (ξ/MPl)
n , but dropping the subleading terms in which the
power of ξ is lower than that of (ξ/MPl)
n at each given order of 1/MnPl . We find that so
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long as ξ > O(1) , this always gives a good approximation for our unitarity analysis in the
next subsection.
T (pi+pi−→ pi+pi−) = (1− ζ
2)
2v2
(1+ cos θ)E2 ,
T (pi+pi−→ pi0pi0) = (1− ζ
2)
v2
E2 ,
T (pi0pi0→ pi0pi0) = O(E0) , (3.14)
T (pi+pi−→ φφ) = (1− ζ
2)ζ2
v2
E2 ,
T (pi0pi0→ φφ) = (1− ζ
2)ζ2
v2
E2 ,
T (pi0φ→ pi0φ) = − (1− ζ
2)ζ2
2v2
(1− cos θ)E2 ,
T (φφ→ φφ) = O(E0) .
We note that the (ξ/MPl)
n terms originate from the ξ-enhanced effective operators and the
rescaling factor ζ . As a consistency check, we note that the above expressions reduce to
(3.10) at O(ξ2/M2Pl) and O(ξ4/M4Pl) under the 1/MPl expansion.
So far, as a by product, we have explicitly demonstrated the equivalence between Jordan
frame and Einstein frame for high energy scattering of weak bosons and Higgs bosons under
the flat background metric. There are debates on the physical (in)equivalence between Jordan
and Einstein frames in the literature [10, 11, 17–19]. Our study supports the equivalence of
the two frames from the tree-level analysis of weak boson and Higgs boson scatterings (which
were not considered before). The reason is that we can take the spacetime be flat in both
frames, and then the frame transformation is just a nonlinear field redefinition. According
to the theorem a´ la CCWZ [27], a field redefinition φ → f(φ) will not change the on-shell
S-matrix involving φ , provided that the nonlinear local transformation f(φ) has the form
f(φ) = φF (φ) where F (φ) is another local function of φ satisfying F (0) = 1 . This is
exactly the case for the canonical degrees of freedom in the two frames, as we explicitly
demonstrated in (2.14). Hence, we should expect the same results for high energy weak
boson scatterings in both frames.
In passing, we note that the equivalence of the two frames is more involved beyond tree-
level, as pointed out before [8, 10, 11, 18, 19]. Due to the quantum anomaly from the Weyl
transformation between the two frames and the unknown UV dynamics of quantum gravity,
the loop analysis and renormalization prescriptions would suffer ambiguity. For example,
there are different ways of choosing renormalization scale µ, concerning whether µ is field-
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independent in Einstein frame or in Jordan frame [18]. A possible prescription of realizing
the frame-equivalence at quantum level was recently discussed in [19].
Before concluding this section, we make further remarks on the physical impact of the
leading order ξ corrections to the scattering amplitudes (3.10). At the first nontrivial order
of M−2Pl , we have both ξ
2 and ξ contributions to the amplitudes, where the ξ2 terms are
dominant for |ξ|  1 . Its impact can be classified into three categories. The first one
is a universal suppression factor ζ < 1 for any coupling involving the Higgs field, such as
the Higgs boson production process [14]. The second class of ξ2-dependent processes are the
weak boson scatterings which we study in this paper. We have analyzed the anomalous
cubic Higgs-gauge coupling and quartic scalar couplings in Einstein frame, and computed
the graviton-exchanges in Jordan frame. We find that they cause non-canceled ξ2 (and ξ)
dependent E2-contributions in the longitudinal and Goldstone boson scattering amplitudes,
which can become significant as the increase of scattering energy E . Hence, the longitudi-
nal WW scattering can provide sensitive probe of ξ coupling via energy-enhanced leading
contributions of O(ξ2E2/M2Pl). The third class of ξ2-involved processes are those containing
the cubic Higgs self-coupling. As shown in (2.16), such processes will also be enhanced at
high energies by the ξ2-dependent derivative cubic Higgs couplings. The future high energy
pp colliders (50 − 100 TeV) [25] will further probe such anomalous cubic Higgs couplings.
Finally, the O(ξ/M2Pl) terms arise from the Weyl factor Ω , including bosonic and fermionic
couplings of the Higgs boson. But they are negligible relative to the leading contributions of
O(ξ2/M2Pl) for |ξ|  1 .
3.3 Perturbative Unitarity Bound on Higgs-Gravity Coupling
In the above two subsections, we have derived the high energy weak boson scattering am-
plitudes in the Jordan and Einstein frames, and demonstrated the longitudinal-Goldstone
boson equivalence theorem in both frames. We further showed that the two frames give the
same scattering amplitudes. With these, we will derive perturbative unitarity bound on the
Higgs-gravity coupling ξ via coupled channel analysis in this subsection.
Given the scattering amplitudes in the previous subsections, we compute the partial
wave amplitudes for the Goldstone and Higgs bosons,
a`(E) =
1
32pi
∫ 1
−1
d cos θP`(cos θ) T (E, θ) . (3.15)
For the present case, the partial wave amplitudes form a 4 × 4 matrix among the four
initial/final states, |pi+pi−〉, 1√
2
|pi0pi0〉, 1√
2
|h0h0〉, and |pi0h0〉. In coupled channel analysis, we
will impose the s-wave unitarity condition, |Rea0| < 1/2 , on the maximal eigenvalue of the
matrix a0 .
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Figure 4. Perturbative unitarity bound on the Higgs-gravity coupling ξ as a function of center-
of-mass energy E . In plot-(a), the blue curve denotes the bound derived at φ¯ = v , where the
shaded region violates perturbative unitarity. In plot-(b), we further present the unitarity bound
at large backround field φ¯ = MPl/
√
ξ (red curve), as compared to the unitarity bound at φ¯ = v
(blue curve). The shaded yellow area above the red curve violates perturbative unitarity, and its
physical implications will be explained in Sec. 4.3. The vertical dashed line denotes the inflation scale
(2.3× 1016 GeV) as indicated by the BICEP2 data [24]. For comparison, the upper (lower) horizontal
dashed line in plot-(a) denotes the 3σ bound |ξ| < 5.2 × 1015 ( |ξ| < 2.7 × 1015 ) derived from the
current CMS (ATLAS) Higgs data [2] at the LHC.
From (3.14), we deduce the following s-wave amplitude at O(E2) and to all orders in
(ξ/MPl) ,
a0(E) =
(1− ζ2)E2
32piv2

1
√
2
√
2ζ2 0√
2 0 ζ2 0√
2ζ2 ζ2 0 0
0 0 0 −ζ2
. (3.16)
Thus, we further derive its eigenvalues,
adiag0 (E) =
(1− ζ2)E2
32piv2
diag
(
1+
√
1+ 3ζ4, 1−
√
1+ 3ζ4, −ζ2, −1
)
. (3.17)
Imposing the partial wave unitarity condition on the maximal eigenvalue of (3.17), we
deduce the following perturbative unitarity bound on the scattering energy E for a given
value of the ξ coupling,
E <
√
16pi v[
(1− ζ2)(1+√1+ 3ζ4)]1/2 . (3.18)
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We can translate this into a constraint on the Higgs-curvature coupling ξ at a given energy
scale E ,
(1− ζ2)(1+√1+3ζ4 ) < 16piv2
E2
. (3.19)
For most of the parameter range of physical interest, we find that the expansion of ζ in
terms of ξv/MPl gives a good approximation. Thus, from (3.19) or (3.18), we may derive a
simplified perturbative unitarity bound on the ξ coupling,
|ξ| <
√
8piMPl
3E
[
1 +
4piv2
E2
+O
( v
E
)4]
. (3.20)
We see that the expansion in the brackets of the right-hand-side of (3.20) is practically in
terms of the ratio v2/E2 . Hence, the approximate formula (3.20) works well so long as
E > O(1TeV) . We also note that the tree-level unitarity violation is a signal of requiring
higher order nonperturbative effects and the inclusion of new resonance(s) in the effective
field theory. As we clarified before [15], the perturbative unitarity bounds [28–30] are fully
justified and important. Especially, the unitarity bound on the SM Higgs boson mass mh <√
8pi/3 v ' 712 GeV [30] has been well supported by the recent LHC Higgs discovery [1, 2]
with mh ' 125 GeV (< 712 GeV) .
In Fig. 4(a), we present the perturbative unitarity bound of ξ as a function of scattering
energy E, up to E = 1018 GeV . MPl, by the thick blue curve, where we set φ¯ = v for the
electroweak vacuum. It is useful to check a special limit of ξ →∞ for the condition (3.19).
In this case, we have ζ → 0 and the Higgs field decouples. Thus, the bound (3.19) reduces
to E <
√
8piv ' 1.23 TeV. This bound is nicely reflected by the asymptotical behavior
of the blue curve around E = O(1TeV) , as depicted in Fig. 4(a). For the application to
Higgs inflations in the next section, we also show the unitarity limit (thick red curve) for the
inflation background φ¯ = MPl/
√
ξ in Fig. 4(b), which is significantly relieved than the small
field bound at φ¯ = v . We will discuss this further in Sec. 4.3.
Fig. 4(a) shows that the unitarity bound puts highly nontrivial constraints on the Higgs-
curvature coupling ξ in the perturbative formulation. For the effective theory of the SM + GR
with Planck mass MPl as the UV cutoff, the weak boson scattering energy can reach up to
E = 1017−18 GeV < MPl. In this case, we find that the perturbative unitarity bound in
plot-(a) places stringent new limits, ξ . O(10− 1) , for φ¯ = v . Besides, we would like
to note that Atkins and Calmet [14] derived an interesting bound on ξ from the 2012 LHC
data [1]. The latest update of the LHC analyses [2] leads to the Higgs signal strengths,
µˆ = 1.30 ± 0.20 [ATLAS] and µˆ = 0.80 ± 0.14 [CMS]. From this, we have the refined 3σ
upper limits, |ξ| < 2.7 × 1015 [ATLAS] and |ξ| < 5.2 × 1015 [CMS]. For comparison, we
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plot the ATLAS and CMS limits in Fig. 4(a) by the horizontal lower and upper dashed lines,
respectively. For the electroweak vacuum φ¯ = v , we see that once the scattering energy E
exceeds O(TeV) , the perturbative unitarity bound becomes much more stringent.
3.4 Probing Higgs-Gravity Coupling via Weak Boson Scattering
It is possible that Nature may have chosen a lower UV cutoff for the effective theory of
SM + GR. Thus, the perturbative unitarity bound in Fig. 4 will allow much larger ξ values.
An intriguing situation is that the UV cutoff sets in at a scale close to O(TeV), say, ΛUV =
O(10TeV). Thus, the coupling ξ can reach2 ξ = O(1015) . Such a relatively low UV cutoff
gives a conceptually simple resolution to the hierarchy problem and makes the SM Higgs
sector natural up to3 ΛUV = O(10 TeV) . This will open up an exciting possibility that the
upcoming runs of LHC (14 TeV) and the future high energy pp colliders (50 − 100 TeV) [25]
can effectively probe such Higgs-gravity interactions with ξ = O(1014−15) via weak boson
scattering experiments.
The weak boson scattering is a crucial experiment for the LHC to test new physics
of electroweak symmetry breaking beyond the SM Higgs sector [31]. Hence, we study the
weak boson scattering cross sections, and analyze three major processes, W+LW
−
L → Z0LZ0L ,
W±LW
±
L → W±LW±L , and W±L Z0L → W±L Z0L . For our study, we consider the intriguing
effective theory of low scale quantum gravity with two sample UV cutoffs, ΛUV = O(10 TeV)
or ΛUV = O(50 TeV) . For tests at the LHC (14 TeV), we consider the effective theory with
ΛUV = O(10 TeV) . The relevant energy range for the WW scattering at the LHC is around
0.2 − 4 TeV. From Fig. 4(a), we find that for the WW scattering energy E < 4 TeV, the
size of the Higgs-curvature coupling can be fairly large, ξ . O(1015) . In Fig. 5(a)-(c), we
present the WW scattering cross sections for two sample inputs, ξ = 2 ×1015, 1015 , in
comparison with the SM result of ξ = 0 . In all three plots (a)-(c), we have input the Higgs
boson mass mh = 125 GeV based on the LHC data [1, 2]. To remove the special kinematical
region of t/u-channel diagrams around θ = 0, pi , we add a modest cut | cos θ| < 0.995 for
all plots. Furthermore, we also place the unitarity condition on the scattering cross section,
σ < 4piρe/E
2 [32]. The shaded light-blue region in each plot of Fig. 5 violates perturbative
unitarity. (In this condition, ρe denotes the identical particle factor for final state of elastic
2From the theory side, we have no preferred natural values for the dimensionless coupling ξ . Note that the
ξ coupling in the Feynman vertices is always suppressed by the factor v2/M2Pl or E
2/M2Pl [cf. (2.16)-(2.17)].
Hence, a large ξ coupling is fine so long as it respects the perturbation expansion (Fig. 4).
3For the current effective theory study, we are not concerned with any detail of the UV dynamics above
ΛUV = O(10TeV) . Many well-motivated TeV scale quantum gravity theories exist on the market. For
instance, an extra dimensional model with compactification scale of O(10TeV) will reveal its Kaluza-Klein
modes at energies above this scale.
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Figure 5. Cross sections of weak boson scattering with Higgs-gravity coupling ξ for the relevant
energy range at the LHC (14 TeV). Plot-(a): W+LW
−
L → Z0LZ0L . Plot-(b): W±LW±L → W±LW±L .
Plot-(c): W+L Z
0
L → W+L Z0L . In each plot, we depict the predictions for ξ = (2 ×1015, 1015, 0) by
the (red, blue, black) curves. The pure SM result (ξ = 0) is given by the black curve. We have input
the Higgs boson mass mh = 125 GeV. The shaded (light-blue) region violates perturbative unitarity.
The dashed curves in plot-(a) include the RG running of ξ , with initial values taken at E = 4 TeV.
channel, and for inelastic channel ρe is fixed by the corresponding elastic channel with the
same initial state as the inelastic channel [32].)
With the sample inputs ξ = 1015 and ξ = 2×1015 for Fig. 5(a)-(c), we see that the
WW scattering cross sections exhibit different behaviors and give sizable excesses above
the SM expectations ( ξ = 0 ). We note that these non-resonance behaviors are universal
and are predicted to show up in all weak boson scattering channels 4, in contrast to the
traditional new physics models of the electroweak symmetry breaking [31]. The upcoming
runs of the LHC (14 TeV) and the upgraded high luminosity LHC will discriminate such
4For TeV scale quantum gravity via the spontaneous dimensional reduction approach (with a 125 GeV
non-SM Higgs boson), we found universal behaviors of non-resonant WW scattering manifested in a different
manner [33]. For a light non-SM Higgs boson in the 4d effective Lagrangian (without gravity), deviations in
the non-resonant WW scattering were studied for the LHC before [34].
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Figure 6. Cross sections of weak boson scattering with Higgs-gravity coupling ξ for the rele-
vant energy range at the future pp collider (50 − 100 TeV). Plot-(a): W+LW−L → Z0LZ0L . Plot-(b):
W±LW
±
L → W±LW±L . Plot-(c): W+L Z0L → W+L Z0L . In each plot, we depict the predictions for
ξ = (3 ×1014, 1.5 ×1014, 0) by the (red, blue, black) curves. The pure SM result (ξ = 0) is given by
the black curve. We have input the Higgs boson mass mh = 125 GeV. The shaded (light-blue) region
violates perturbative unitarity. The dashed curves in plot-(a) include the RG running of ξ , with
initial values taken at E = 30 TeV.
distinctive features of the weak boson scattering signals.
For the present analysis, we have also examined renormalization group (RG) running
effects of the ξ coupling. The one-loop RG beta function for ξ is given by [6],
β(ξ) =
1 + 6ξ
(4pi)2
(
2λ+ y2t −
3
4
g2 − 1
4
g′2
)
, (3.21)
where (g, g′) are the electroweak gauge couplings, and (λ, yt) denote the Higg self-coupling
and top-quark Yukawa coupling, respectively. The RG equation (3.21) was derived by treating
gravity as external field [6]. Using quantized metric and including gravitons in the loop will
contribute additional subleading terms of O(ξ0), as shown in Ref. [10]. But, for the present
study with large values of ξ  1 , it is safe to use the approximate RG equation (3.21),
where the leading ξ-terms fully dominate the coupling running. For numerical analysis of
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Eq. (3.21), we take initial values ξ = 1015 and 2× 1015, respectively, at E = 4 TeV, and run
the ξ coupling downward with the β function (3.21). We compute the RG improved cross
sections by including this running ξ coupling. We plot the RG improved cross sections in
Fig. 5(a) as dashed curves. We compare them with the pure tree-level cross sections (in solid
curves), and find that the corrections from the RG running of ξ coupling are fairly small for
the relevant LHC energy range.
Next, we study the probe of Higgs-gravity coupling ξ at the future pp collider (50 −
100TeV) [25]. Thus, we consider a sample effective theory with ΛUV = O(50 TeV) . The
relevant WW scattering energies at such a pp collider will be in the range of 0.5−30 TeV. In
parallel with Fig. 5, we present the WW scattering cross sections Fig. 6 with the scattering
energy E = 0.5− 30 TeV, where we input the Higgs-curvature coupling, ξ = (3×1014, 1.5×
1014, 0), as depicted by the (red, blue, black) curves, respectively. We have added a simple cut
| cos θ| < 0.995 in each plot to remove the special kinematical region of t/u-channel diagrams
around θ = 0, pi . In Fig. 6(a), we also plot the RG improved cross sections in dashed curves
for nonzero ξ , where we input the initial values ξ = (3 ×1014, 1.5 ×1014) at E = 30 TeV
and then include the one-loop RG running effects as functions of the WW scattering energy.
This shows that the RG effects of ξ are still negligible over the energy range E . 30 TeV
for WW scatterings. From Fig. 6, we see that the sensitivity to probing the ξ coupling may
be improved by about a factor of 10 as compared to Fig. 5 for the LHC case. This illustrates
the importance of increasing the pp collision energy up to 50 − 100 TeV. It is encouraging
to further perform detailed Monte Carlo simulations of the full WW scattering processes at
the LHC (14 TeV) and the future pp collider (50− 100 TeV), where the signals/backgrounds
from the full processes pp → jjV V (V = W,Z) with V V decays will be analyzed. This is
fully beyond the current scope and will be considered elsewhere.
4 Unitarity Analysis for Higgs Inflation
In this section, we will extend Sec. 3.1-3.3 to the situation with a generically large back-
ground field φ¯ , and perform the analysis of perturbative unitarity for the Higgs inflation [7].
In Sec. 4.1, we present the background-dependent formulation. Then, in Sec. 4.2 we derive
the weak boson scattering amplitudes for a general background field φ¯ . Finally, in Sec. 4.3
we quantitatively analyze the background-dependent unitarity constraints on the parame-
ter space of Higgs inflation for both the conventional Higgs inflation [7] and the improved
models [21] in light of the recent BICEP2 data [24].
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4.1 Background-Dependent Formulation
We start the analysis in Jordan frame, in parallel with Sec. 3.1. Since the background field
φ¯ will vary, we need to define the background-dependent Planck mass, M2Pl ≡ M2 + ξφ¯2 .
Expanding the metric tensor g
(J)
µν = g¯
(J)
µν + κ¯hˆ
(J)
µν with κ¯ ≡
√
2/MPl, we have the following
transformations for diagonalizing the kinetic terms,
hˆ(J)µν = h
(J)
µν − ηµνξκ¯φ¯ζ¯φ(J), φˆ = ζ¯φ(J), (4.1)
where h
(J)
µν and φ(J) represent canonical fields in Jordan frame. The modified rescaling
factor ζ¯ is given by
ζ¯ ≡ (1 + 6ξ2φ¯2/M2Pl)−1/2 . (4.2)
In Jordan frame, there is no rescaling of Goldstone field pi , and we have pi(J) = pi . Compared
with Eqs. (2.4)-(2.5), this amounts to the replacements, (v, κ, ζ)→ (φ¯, κ¯, ζ¯ ) .
Then, we make transformations from Jordan frame to Einstein frame. The Weyl factor
(2.11) can be rewritten as
Ω2 = Ω2
[
1 + q¯
(
2φˆ
φ¯
+
φˆ2 + |pi|2
φ¯2
)]
, (4.3)
with Ω ≡MPl/MPl and q¯ given by
q¯ ≡ ξφ¯
2
M2PlΩ
2
=
ξφ¯2
M2Pl
. (4.4)
The scalar kinetic terms become,
Lkin =
1
2Ω2
(
1 +
6ξ2φ¯2
M2PlΩ
2
)
(∂µφˆ )
2 +
1
2Ω2
|∂µpi|2. (4.5)
Thus, we further define the canonical fields (φ(E), pi(E)) in Einstein frame via, φˆ = Ωζ¯φ(E)
and pi = Ωpi(E), with the same ζ¯ in (4.2). Comparing the canonical fields in the two frames,
we have, Ω = φ(J)/φ(E) = pi(J)/pi(E), which amounts to a scale transformation for the fields.
4.2 Analysis of Scattering Amplitudes in Large Field Background
To study the amplitudes in large field background, we will generalize previous analysis to in-
clude all the relevant higher order ξ-dependent terms at O(E2) under the 1/MPl expansion.
We find that the calculations in Einstein frame are much simpler than that in Jordan frame.
For the application to Higgs inflations in Sec. 4.3, we will focus on the analysis in Einstein
frame. We will also comment on the case of Jordan frame in the end.
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In Einstein frame, the analysis for large field background should include higher order
terms of ξφ¯2/M2Pl since they become O(1) at φ¯ ∼ MPl/
√
ξ . Thus, we generalize the
formulation of Sec.2–3, and derive the scattering amplitudes in a generic background φ¯ . By
including the higher order contributions, the scalar interactions in (2.16) become,
∆Lssint = −
q
2v2
(
|∂µpi|2 + ζ2(∂µφ)2
)(
|pi|2 + (1− 4q)ζ2φ2 + 2vζφ
)
+
1− ζ2
8ζ2
(
1− 2q
v2
(|pi|2 + ζ2φ2 + 2vζφ) + 12q
2
v2
ζ2φ2
)[
∂µ
(
|pi|2 + ζ2φ2 + 2vζφ
)]2
,
(4.6)
where q ≡ ξv2/M2Pl , and we have rewritten the vertex coefficient ξ2v2/M2Pl in terms of
ζ2 . In Eq. (4.6), we only consider the operators involving cubic or quartic vertices. The
Higgs-gauge interactions in (2.17) are replaced by
∆Lφgint =
(
2m2WW
+
µ W
µ−+m2ZZ
2
µ
)[(
1− q
) ζ
v
φ+
(
1− 5q + 4q2
) ζ2
2v2
φ2
]
. (4.7)
With these, we deduce general Feynman rules for the gauge and Goldstone boson scatterings.
Derivation for pure Goldstone scattering amplitudes uses the same Feynman diagrams, while
the Goldstone exchange should be further included for the processes with external Higgs
bosons. As a generalization of Eq. (3.10), we rederive the full amplitudes at O(E2) and for
all electrically neutral channels,
T (pi+pi−→ pi+pi−) = [1− (1− q)2ζ2] (1+ cos θ) E2
2v2
,
T (pi+pi−→ pi0pi0) = [1− (1− q)2ζ2] E2
v2
,
T (pi+pi−→ φφ) = (1− q) [3q + (1− ζ2)(1− 2q)− qζ2]ζ2 E2
v2
, (4.8)
T (pi0pi0→ φφ) = (1− q) [3q + (1− ζ2)(1− 2q)− qζ2]ζ2 E2
v2
,
T (pi0φ→ pi0φ) = −(1− q) [3q + (1− ζ2)(1− 2q)− qζ2](1− cos θ)ζ2 E2
2v2
.
There are two elastic channels having no contributions at the O(E2) , i.e., T (pi0pi0 →
pi0pi0) ' T (φφ → φφ) = O(E0) . Using the above generalized amplitudes, we have also
verified the validity of equivalence theorem, which serves as nontrivial consistency checks of
our calculation.
Next, we analyze the scattering amplitudes in a generic field background φ¯ . Note
that for Einstein frame v denotes VEV of φ(E) in the electroweak vacuum. Considering the
rescaling factor Ω in (4.3), we can derive the new amplitudes from (4.8) via the replacements
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v → φ¯/Ω, ζ → ζ¯ and q → q¯ [cf. Eqs. (4.2)-(4.4)]. For the following sample processes, we
have
T (pi+pi−→ pi0pi0) = [1− (1− q¯)2ζ¯2] Ω2E2
φ¯2
, (4.9a)
T (pi+pi−→ φφ) = (1− q¯) [3q¯ + (1− 2q¯)(1− ζ¯2)− q¯ζ¯2] ζ¯2Ω2E2
φ¯2
. (4.9b)
In the limit that φ¯MPl/ξ , we have (q¯, ζ¯, Ω) reduce to the quantities (q, ζ, 1) as defined
in Sec. 2–3. But, the inflation epoch has φ¯ &MPl/
√
ξ , and thus corresponds to the different
limits q¯ ∼ 1 and ζ¯  1 (for ξ  1). This means that the previous expansion under q  1
and ζ ∼ 1 no longer applies. In Einstein frame, for large φ¯ and ξ  1, the exchange of
graviton is always suppressed by ζ¯2 as compared to the contributions of (4.9). For the sake
of unitarity analysis in the background field φ¯ < MPl , the graviton exchange is negligible.
Finally, we comment on the calculation in Jordan frame. For the scattering processes
containing no Higgs boson in the in/out states, the calculation is straightforward. For in-
stance, up to the constant rescaling for energy scale, the amplitude of W+LW
−
L → Z0LZ0L is
the same as that in Einstein frame. At O(E2), with negligible contribution from graviton
exchange, the diagrams and Feynman vertices are the same. For the corresponding Goldstone
scattering pi+pi− → pi0pi0, we find that ξ 6= 0 contribution from graviton exchange equals
that of contact interaction in Einstein frame. But there is a complication for scattering pro-
cesses with external Higgs bosons. For both the cubic and quartic couplings of the Higgs and
Goldstone bosons, the second order perturbative expansion of
√−gR is needed to derive
higher order terms in q¯ and ζ¯2 . This is more tedious than the first order expansion. In
contrast, the Einstein frame has this complication transformed into higher dimensional op-
erators of Higgs fields which are much easier to handle. Hence, we will perform the unitarity
analysis for Higgs inflations in the Einstein frame.
4.3 Unitarity Constraints for Higgs Inflation
Now we use results of previous subsection to derive the perturbative unitarity bound for
the Higgs inflation. In the conventional Higgs inflation model, the Higgs field couples to
Ricci scalar through the nonminimal coupling (1.4) and plays the role of inflaton. During
the inflation epoch, the background value of the unnormalized Higgs field φˆ can be around
MPl/
√
ξ , and the canonically normalized Higgs field φ will reach O(MPl) . In this case, the
Higgs potential U in Einstein frame becomes exponentially flat when expressed in terms of
canonically normalized background field χ ,
U ' λM
4
Pl
4ξ2
(
1− e−
2χ√
6MPl
)2
. (4.10)
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At the classical level, the Planck normalization (U/)1/4 = 0.0276MPl [35] requires ξ ∼ 104
for λ = O(0.1) , where  is the first slow-roll parameter and is related to the tensor-to-scalar
ratio r = 16  . The conventional Higgs inflation [7] has  = r/16 ∼ 1/N2 with N denoting
the number of e-foldings. Thus, the typical choice of e-folding number N = 50−60 implies a
fairly small  and r , which agrees with the Planck data [35]. The inflation scale is defined as
ΛINF = U
1/4 ' λ1/4MPl/
√
ξ . Since the Higgs self-coupling λ = O(0.1) , it is characterized
by ΛINF ∼MPl/
√
ξ .
On the other hand, the recent BICEP2 observation [24] on the large scale B-mode of
CMB polarization suggests a rather large tensor-to-scalar ratio, r = 0.20+0.07−0.05 . The BI-
CEP2 results (if confirmed) will have important impact on Higgs inflation. While the typical
parameter space of Higgs inflation predicts a quite small r as mentioned above, it is still
possible to accommodate a sizable r , as discussed in [21–23], through the tuning of top
quark mass or proper extensions of the model. Due to the renormalization group running,
the Higgs self-coupling λ becomes extremely small at the inflation scale, at which a not-so-
flat region of the Higgs potential is realized. Then, only a mildly large ξ ∼ 10 is needed
to further flatten the potential. Since the shape of the potential is no longer exponential,
the tensor-to-scalar ratio r can be sizable. This scenario uses the Einstein-frame Higgs field
to set the renormalization scale. Alternatively, one may use the Jordan-frame Higgs field,
and this approach can result in a quadratic chaotic inflation in Einstein frame [21]. In this
case, the nonminimal coupling is required to be ξ ∼ 100 . We note that for either case, the
inflation scale is generally fixed by inputting the BICEP2 data on r via  = r/16 . Thus, we
have, ΛINF = U
1/4 ' 2.3×1016 GeV, which coincides with the conventional grand unification
(GUT) scale. Hence, ΛINF is much lower than MPl/
√
ξ for ξ = O(10− 100) .
In all cases above, we see that the nonminimal coupling in Higgs inflations is significantly
larger than one, ξ > 1. Thus, a typical inflation scale such as MPl/
√
ξ will be apparently
higher than our unitarity bound of O(MPl/ξ) as given in Eq. (3.20) [Sec. 3.3], and we may
worry about the unitarity issue of perturbative analysis of Higgs inflation. But, as discussed
above, the background value of Higgs field during inflation is very large. This means that
we should rederive the unitarity bound for scattering amplitudes with large background,
rather than using the result of Sec. 3.3. Since we have systematically derived the scattering
amplitudes with large background in the previous subsection, we are now ready to analyze
the background-dependent unitarity constraints on the Higgs inflation models. The use of
flat-spacetime amplitudes in nearly de Sitter background during inflation is justified, because
the scale of spacetime curvature (as characterized by the Hubble parameter H ∼ 1014 GeV) is
smaller than the inflation scale 1016 GeV (as inferred from the energy density) by two orders
of magnitude, according to the Friedmann equation.
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Let us first study the unitarity bounds for the representative scattering channels. We
impose |Re a0| < 1/2 for the amplitudes in (4.9) after proper normalization of their ini-
tial/final states. Thus, we compute the unitarity limits Λ
(E)
pipi and Λ
(E)
φφ for pi
+pi− → pi0pi0
and pi+pi− → φφ , respectively,
Λ(E)pipi =
(
8
√
2pi
1− (1− q¯)2ζ¯2
)1
2 φ¯
Ω
, (4.11a)
Λ
(E)
φφ =
(
8
√
2pi
(1− q¯) [3q¯ + (1− 2q¯)(1− ζ¯2)− q¯ζ¯2]
)1
2 φ¯
ζ¯ Ω
. (4.11b)
Considering the LHC constraint |ξ| < (2.7 − 5.2) × 1015 from Fig. 4, we have ξv2  M2Pl ,
and thus M2 'M2Pl . This gives, M2Pl 'M2Pl + ξφ¯2 . Hence, for ξ  1 , we can derive the
following asymptotic behaviors,
Λ(E)pipi ∼

MPl
ξ , φ¯ MPlξ ,
φ¯ , MPlξ  φ¯ MPl√ξ ,
MPl√
ξ
, φ¯ MPl√
ξ
,
Λ
(E)
φφ ∼

MPl
ξ , φ¯ MPlξ ,
ξφ¯2
MPl
, MPlξ  φ¯ MPl√ξ ,√
ξφ¯, φ¯ MPl√
ξ
.
(4.12)
For completeness, we also remark that in the case of 5 M2  M2Pl , we would have Λ(E)pipi ∼
MPl/
√
ξ and Λ
(E)
φφ ∼ (MPl/M)
√
ξφ¯ √ξφ¯ .
To study the the unitarity constraints on Higgs inflation, we present in Fig. 7 the unitar-
ity bound Λ(E) as a function of φ¯ , with sample inputs ξ = 104 [plot-(a)], ξ = 102 [plot-(b)],
and ξ = 10 [plot-(c)]. For clarity, we normalize both axes by ΛINF in each plot. The red
and blue curves denote the unitarity bounds Λ
(E)
pipi and Λ
(E)
φφ , respectively. The light pink
and blue areas above each curve violate perturbative unitarity. Plot-(a) demonstrates the
conventional Higgs inflation [7] with a large ξ = 104 . The inflation scale ΛINF ' MPl/
√
ξ
is depicted as the horizontal dashed line. It shows that the strongest unitarity bound is
higher than the effective inflation scale MPl/
√
ξ for φ¯ & 0.2ΛINF . This agrees well with
the schematic picture from recent qualitative estimates [13]. Plots (b) and (c) represent the
improved models [21–23] compatible with a large r as indicated by the BICEP2 observation
[24]. For illustration, we set ξ = 102 and ξ = 10 for the two sample scenarios discussed
above. Here, the inflation scale ΛINF ' 2.3× 1016 GeV is denoted by the horizontal dashed
line at the ratio Λ(E)/ΛINF = 1 . It is lower than the unitarity bound even for the small
background field regions. This shows that the unitarity constraints are largely relieved for
moderate values of the nonminimal coupling, ξ = O(10− 100) .
5The limit M2 → 0 leads to M2Pl = ξv2. This corresponds to the early scenarios of induced gravity
inflation [36].
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Figure 7. Perturbative unitarity bounds Λ(E) as functions of φ¯ , with ξ = 104 [plot-(a)], ξ = 102
[plot-(b)] and ξ = 10 [plot-(c)]. Here, both axes are normalized by ΛINF . In all plots, the blue and
red curves denote Λφφ and Λpipi, respectively, where the region above each curve violates perturbative
unitarity. The grey area with dotted boundary denotes the strong gravity region, which is above the
reduced Planck mass MPl . The horizontal dashed line denotes the inflation scale ΛINF 'MPl/
√
ξ in
plot-(a), and ΛINF ' 2.3× 1016 GeV in plot-(b,c) as indicated by the BICEP2 data.
In parallel with the perturbative unitarity bound (3.20) derived in the electroweak
vacuum in Sec. 3.3, we perform a coupled channel analysis for the large field background
φ¯ & MPl/
√
ξ . For the four neutral channels, |pi+pi−〉, 1√
2
|pi0pi0〉, 1√
2
|φφ〉, and |pi0φ〉, we
deduce the s-wave amplitudes,
a0(E) =
[
1− (1− q¯)2ζ¯2]Ω2E2
32pi φ¯2

1
√
2
√
2A 0√
2 0 A 0√
2A A 0 0
0 0 0 −A

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' Ω
2E2
32piφ¯2

1
√
2 0 0√
2 0 0 0
0 0 0 0
0 0 0 0
. (4.13)
In the above, we have denoted,
A =
1+ q¯ − (1− q¯)ζ¯2
1− (1− q¯)2ζ¯2
ζ¯2
Ω2
. (4.14)
For the large background field φ¯ ∼ MPl/
√
ξ and large ξ  1 , we have the asymptotic
behavior A ∼ ξ−1  1 , and thus the A term is negligible for the current analysis. This
means that the processes with Higgs bosons in the external states have negligible contribution.
Imposing the unitarity condition on the largest eigenvalue of a0 via the above coupled channel
analysis, we infer the unitarity bound for large background field φ¯ ,
E < 2−
1
4Λ(E)pipi , (4.15)
where Λ
(E)
pipi is given by (4.11a). For comparison, we present this bound in the (E, |ξ|) plane
at φ¯ = MPl/
√
ξ in Fig. 4(b) by the red curve, where the yellow region violates perturbative
unitarity. It shows that the unitarity bound is significantly relieved when derived in the
large field background, which applies to the case of Higgs inflation. In the same plot-(b) of
Fig. 4, we draw a vertical dashed line to depict the inflation scale, ΛINF ' 2.3 × 1016 GeV,
as indicated by the BICEP2 data [24]. For the scattering energy around the inflation scale,
E ∼ ΛINF , we see that the red curve imposes a unitarity bound, ξ < O(105−6) .
Finally, for comparison with the literature, we note that the interesting papers [13]
discussed two types of unitarity bounds for both frames by simple power counting analysis.
It estimated the unitarity bound Λg-s for scalar-gravity coupling of φ − φ − hµν in the
Jordan frame, which contributes to the process φφ → φφ . As we showed earlier, this
specific scattering amplitude has vanishing E2 term due to the crossing symmetry of (s, t, u)
channels. It also estimated the unitarity bound Λgauge from the gauge boson scattering.
These estimates [13] agree with the main feature of our quantitative unitarity bounds Λpipi
in (4.11) and Fig. 7. As shown above, the Λ
(E)
pipi places the best unitarity constraint over the
large background field region of the Higgs inflation. Recently, Ref. [37] studied the impact of
UV physics on the prediction of Higgs inflation. They utilized the non-linear realization to
discuss the unitarity of Higgs inflation, and derived the leading order Goldstone amplitudes,
which are in qualitative agreement with our results. We have also derived the scattering
amplitude with Higgs bosons as external states. Furthermore, we presented the quantitative
unitarity bounds on the Higgs inflation models in Fig.7(a)-(c).
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5 Conclusions
It is striking that the gravitational force not only shapes the world at its macroscopic and
cosmological scales, but will also play key role at the fundamental Planck scale. We would
then ask: what happens in between? Given the LHC discovery of a 125 GeV Higgs boson [1, 2],
it is strongly motivated for us to explore the Higgs gravitational interactions in connection
with the electroweak symmetry breaking mechanism and the origin of inertial mass generation
for all elementary particles, as well as the Higgs inflation.
Combining the SM with general relativity (GR) as a joint effective theory, we note
that there is a unique dimension-4 operator (1.4) for the Higgs-gravity interactions with
nonminimal coupling ξ . This provides a generic Higgs portal to the new physics beyond SM.
In this work, we systematically studied the contributions of this Higgs-gravity interaction
(1.4) to weak boson scattering processes in both Jordan and Einstein frames, over the energy
regions accessible by the LHC (14 TeV) and the future circular pp colliders (50−100 TeV). We
explicitly demonstrated the equivalence theorem in the presence of Higgs-gravity coupling ξ
in both Jordan and Einstein frames. For the ξ-induced leading amplitudes, we derived the full
results at O(E2), which are needed for studying the case of large background field in Higgs
inflations. Then, we analyzed the perturbative unitarity bound on ξ via coupled channel
analysis in the background of the electroweak vacuum. We also verified the equivalence
between the two frames for computing the scattering amplitudes and cross sections. This
systematically extends our previous short study [15] with analysis in the Einstein frame alone
and only to the first order of 1/M2Pl . For applications to Higgs inflation, we further studied
the weak boson scatterings and unitarity constraints for the large background field case. We
quantitatively established the viable perturbative parameter space of the conventional Higgs
inflation [7] and the improved models [21, 22] in light of the recent BICEP2 data [24].
To be concrete, in Sec. 2 we presented the formulation in Jordan and Einstein frames.
We derived the ξ-induced Higgs-gravity interactions for both frames, and summarized all the
relevant Feynman rules in Appendix A. Then, in Sec. 3 we systematically analyzed longitudi-
nal weak boson scattering and the corresponding Goldstone boson scattering in both frames.
In each frame, we explicitly demonstrated the longitudinal-Goldstone boson equivalence the-
orem with nonzero Higgs-gravity coupling ξ . We further verified the equivalence between
the two frames for all scattering processes. In Sec. 3.3, we performed a coupled channel
analysis of weak boson scattering in the electroweak vacuum, and derived unitarity bound
on ξ in Fig. 4. We further studied two intriguing scenarios, in which the UV cutoff for the
SM + GR effective theory is around ΛUV = O(10 TeV) and ΛUV = O(50 TeV) , respectively.
Thus, the ξ coupling can reach up to ξ = O(1015) for ΛUV = O(10 TeV), or, reach up
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to ξ = O(1014) for ΛUV = O(50 TeV), as shown in Fig. 4(a). In Fig. 5, we presented our
predictions of the WW scattering cross sections with coupling ξ = O(1015) , over the energy
scale E(WW ) = 0.2−4 TeV, which is accessible at the LHC (14 TeV). These exhibit different
behaviors from the naive SM result (ξ = 0), and thus will be discriminated by the upcoming
runs at the LHC (14 TeV) with higher integrated luminosity. We further analyzed the WW
scattering cross sections in the energy range of E(WW ) = 1−30 TeV. These will be realized
at the future circular pp colliders (50−100 TeV) [25], which may have sensitivity to probe the
Higgs-gravity coupling at the level of ξ = O(1014) , as shown in Fig. 6. We suggest that the
ξ coupling can be further probed by invoking the cubic Higgs self-interactions [Eq. (2.16)] at
the future high energy pp colliders.
In Sec. 4, we studied the Higgs-field-background dependent weak boson scattering ampli-
tudes, and quantitatively performed the unitarity analysis for the Higgs inflation models. We
generalized the formulation of Sec. 2 to a generic Higgs-field background in both Jordan and
Einstein frames. We derived the new Feynman rules and the scattering amplitudes accord-
ingly. For the case of large field background, we have taken account of the full contributions
at O(E2) for the scattering amplitudes. With these, we demonstrated that the unitarity
bound on the ξ coupling is substantially relieved, as shown in Fig. 4(b). Finally, we applied
this analysis to the conventional Higgs inflation [7] and the improved models [21, 22] in light
of the recent BICEP2 observation [24]. We quantitatively analyzed the viable perturbative
parameter space for the Higgs inflation models, as shown in Fig. 7(a)-(c) for three sample
inputs of the ξ coupling.
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Appendix
A Feynman Rules in Jordan and Einstein Frames
In this appendix, we present all the relevant Feynman rules at O(M−2Pl ) in the electroweak
vacuum for evaluating longitudinal and Goldstone boson scattering in both Jordan and Ein-
stein frames. We have retained the rescaling factor ζ for the Higgs field φ without expansion.
This will also allow us to extract the leading terms of (ξv/MPl)
2n for the scattering ampli-
tudes at O(E2) . In our notation, all momenta will flow inward.
A.1 Feynman Rules in Jordan Frame
p3
p1 p2
φ
φ φ
=− i6ζ3λv + ζ3
(
− iξv
M2Pl
+
i6ξ2v
M2Pl
)(
p21 + p
2
2 + p
2
3
)
. (A.1)
q
p1 p2
φ
pi+(pi0) pi−(pi0)
= −i2λζv + i2ξζv
M2Pl
(p1 · p2) + i6ξ
2ζv
M2Pl
q2, (A.2)
φ
W+ρ (Z
0
ρ) W−σ (Z
0
σ)
=
i2m2W (Z)
v
(
1− ξv
2
M2Pl
)
ζηρσ, (A.3)
φ φ
W+ρ (Z
0
ρ) W−σ (Z
0
σ)
=
i2m2W (Z)
v2
(
1− 4ξv
2
M2Pl
)
ζ2ηρσ, (A.4)
q
p1 p2
hµν
φ φ
=
i
√
2
MPl
ζ2
[
ξ(qµqν − q2ηµν) + (p(µ1 pν)2 − 12 p1 · p2ηµν)], (A.5)
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qp1 p2
hµν
pi+(pi0) pi−(pi0)
=
i
√
2
MPl
[
ξ(qµqν − q2ηµν) + (p(µ1 pν)2 − 12 p1 · p2ηµν)], (A.6)
p1 p2
hµν
W+ρ (Z
0
ρ) W−σ (Z
0
σ)
= − i
√
2
MPl
[
p
(µ
1 p
ν)
2 η
ρσ + 12 p
σ
1p
ρ
2η
µν − pσ1p(ν2 ηµ)ρ − pρ2p(µ1 ην)σ
+ (p1 · p2 +m2W,Z)
(
ηρ(µην)σ − 12 ηµνηρσ
)]
.
(A.7)
A.2 Feynman Rules in Einstein Frame
p3
p1 p2
φ
φ φ
=− i6ζ3λv + ζ3
(
− iξv
M2Pl
+
i6ξ2v
M2Pl
)(
p21 + p
2
2 + p
2
3
)
, (A.8)
q
p1 p2
φ
pi+(pi0) pi−(pi0)
= −i2λζv + i2ξζv
M2Pl
(p1 · p2) + i6ξ
2ζv
M2Pl
q2, (A.9)
p4
p1
p3
p2
φ φ
φ φ
=− i6λζ4 + i2ξζ
4
M2Pl
(
p1 · p2 + 5 permutations
)
+
i3ξ2ζ4
M2Pl
[
(p1+ p2)
2 + 5 permutations
]
,
(A.10)
q1
p1
q2
p2
φ φ
pi+(pi0) pi−(pi0)
= −iλζ2 + i2ξζ
2
M2Pl
(p1 · p2 + q1 · q2) + i6ξ
2ζ2
M2Pl
(p1 + p2)
2, (A.11)
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p3
p1
p4
p2
pi+ pi−
pi+ pi−
=− i2λ− i2ξ
M2Pl
(p1+ p3)
2 +
i6ξ2
M2Pl
[
(p1+ p2)
2 + (p1+ p4)
2
]
, (A.12)
p1
p+
p2
p−
pi0 pi0
pi+ pi−
= −i2λ+ 2iξ
M2Pl
(p+ · p− + p1 · p2) + i6ξ
2
M2Pl
(p+ + p−)2, (A.13)
p3
p1
p4
p2
pi0 pi0
pi0 pi0
=− i6λ+ i2ξ
M2Pl
(
p1 · p2 + 5 permutations
)
+
i3ξ2
M2Pl
[
(p1+ p2)
2 + 5 permutations
]
,
(A.14)
φ
W+ρ (Z
0
ρ) W−σ (Z
0
σ)
=
i2m2W (Z)
v
(
1− ξv
2
M2Pl
)
ζηρσ, (A.15)
φ φ
W+ρ (Z
0
ρ) W−σ (Z
0
σ)
=
i2m2W (Z)
v2
(
1− 5ξv
2
M2Pl
)
ζ2ηρσ. (A.16)
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